We study the Ricci tensor of left-invariant pseudoriemannian metrics on Lie groups. For an appropriate class of Lie groups that contains nilpotent Lie groups, we introduce a variety with a natural GL(n, R) action, whose orbits parametrize Lie groups with a left-invariant metric; we show that the Ricci operator can be identified with the moment map relative to a natural symplectic structure. From this description we deduce that the Ricci operator is the derivative of the scalar curvature s under gauge transformations of the metric, and show that Lie algebra derivations with nonzero trace obstruct the existence of Einstein metrics with s = 0.
same Ricci tensor. Moreover, there is no direct relation between compactness and scalar curvature: both compact and non-compact Lie groups with Einstein indefinite metrics with either zero or nonzero scalar curvature are known [8, 7, 13] . Other non-compact homogeneous examples appear in the context of parakähler and nearly parakähler geometry (see [2, 23] ).
This greater flexibility is evident in the context of Einstein solvmanifolds, which in the indefinite case are allowed to have either zero or nonzero scalar curvature, and can admit cocompact lattices. A source of Ricci-flat manifolds is given by bi-invariant metrics on nilpotent Lie groups (see [17] ); if the structure constants are rational, this determines a homogeneous metric on a compact quotient. By relaxing the condition and considering left-invariant metrics, it is possible to obtain more examples of compact Ricci-flat nilmanifolds (see [16, 15, 11] . Some of these examples are not flat, indicating another difference with the Riemannian case. The case of pseudoriemannian Einstein solvmanifolds with nonzero scalar curvature appears to be unexplored at the time of writing, except for the four-dimensional study of [7, 8] .
In this paper we study Einstein pseudoriemannian metrics of nonzero scalar curvature on nilpotent Lie groups; we only consider left-invariant metrics, and in the rest of this introduction all metrics are implicitly left-invariant. The starting observation is that there are two relevant group of symmetries, namely SO(p, q) and GL(n, R). In the first section, we consider general left-invariant metrics on a Lie group; we exploit the SO(p, q)-invariance to express the Ricci curvature in terms of appropriate equivariant maps. Necessary conditions on the Lie algebra of a nilpotent Lie group for the existence of an Einstein metric of nonzero scalar curvature are given in Section 2; in particular, we show that it must have step ≥ 3 and that the centre must be contained in the derived algebra (Corollary 2.5 and Lemma 2.2). More generally, we focus on the class of unimodular Lie groups with Killing form zero; this condition is intermediate between nilpotent and solvable, and gives the Ricci curvature a particularly simple expression (Proposition 2.1).
The set of Lie algebra structures on R n is a subvariety of Λ 2 (R n ) * ⊗ R n (in particular, the subvariety of nilpotent Lie algebras has been studied in [19, 25] ); the unimodular condition singles out an irreducible GL(n, R)-submodule V 11 1 ⊂ Λ 2 (R n ) * ⊗ R n . The choice of a scalar product on R n determines an isomorphism R n ∼ = (R n ) * , and therefore a Lie algebra structure on (R n ) * . Thus, every ndimensional unimodular Lie group with a left-invariant metric determines a pair (a, b) ∈ V * , uniquely defined up to GL(n, R) action. The Ricci operator, which via g ∼ = R n is identified with an element of gl(n, R), corresponds then to a specific bilinear map
* → gl(n, R) (see Proposition 3.1). We prove that µ is the moment map for the action of GL(n, R), relative to the symplectic structure on V 11 1 × (V 11 1 ) * induced by the natural pairing (Proposition 3.5). This description, valid both in the Riemannian and the indefinite case, gives a symplectic interpretation of the known identification of the Ricci tensor as a moment map in the sense of real geometric invariant theory (see [25] ).
We deduce that on a fixed Lie group, the component µ, X obtained by taking the natural pairing with X ∈ gl(n, R), can be identified with the derivative of the scalar curvature as the metric is deformed in the direction of X; for X = Id, we recover a result of Jensen [24] , according to which Einstein metrics are critical points for the scalar curvature among metrics of a fixed volume. Another remarkable consequence is that Einstein metrics of nonzero scalar curvature may only exist on a Lie group if all derivations of its Lie algebra are tracefree (Theorem 4.1). This is used to prove that nilpotent Lie groups of dimension ≤ 6 admit no such metric. The proof is a simple linear computation on a case-by-case basis that uses the classification of [29] .
In the final section we consider nilpotent Lie algebras that admit a nice basis (see [27] ); the key property of such a basis is that a metric which is diagonal relative to the basis has a diagonal Ricci tensor. This makes it possible to construct the first example of an Einstein metric of nonzero scalar curvature on a nilpotent Lie group (Theorem 5.2).
Our example is in dimension 8, and this is the lowest dimension in which this approach is fruitful. In fact, using the classification of [18] we prove that 7-dimensional nilpotent Lie groups with a nice basis admit a derivation with nonzero trace, and therefore do not carry any Einstein metric of nonzero scalar curvature. We do not know whether any 7-dimensional nilpotent Lie group admits an Einstein metric of nonzero scalar curvature, but we are able to prove that if such an example exists then its Lie algebra must be one of the 11 Lie algebras listed in Theorem 4.4.
Left-invariant pseudoriemannian metrics
In this section we reproduce the known formula for the Ricci tensor of a leftinvariant metric on a Lie group (see e.g. [31] ), which we revisit from the viewpoint of representation theory by making use of the natural SO(p, q)-invariance. The formulae established in this section will form the basis for subsequent calculations.
Let G be a Lie group with Lie algebra g; a left-invariant pseudoriemannian metric on G can be identified with a non-degenerate bilinear form , on g; the Levi-Civita connection and its curvature R are then elements of the tensor algebra over g. We shall refer to , as a (pseudoriemannian) metric on g, and to R as its curvature.
In this section, such a metric will be identified by an orthonormal basis {e i } of g, where e i , e i = ǫ i = ±1. Writing [e i , e j ], e k = c ijk , the Koszul formula gives
here and throughout the paper, summation over repeated indices is implied. The Riemann tensor is therefore given by
and the Ricci tensor by
Note that the term ǫ k ǫ i c iki c jhk vanishes because of the well-known identity
Denote by U a1,...,a k the irreducible real representation of SO(p, q) with maximal weight
Having fixed a metric on g, an isomorphism g ∼ = T is induced; the Lie bracket gives then an element of Λ 2 T * ⊗ T . More precisely, the Lie bracket satisfies the Jacobi identity, so it lies in the zero set of a quadratic map Λ 2 T * ⊗T → Λ 3 T * ⊗T , which we view as a linear equivariant map
In these terms, the identity (2) can be explained by the fact that Λ 3 T * ⊗ T contains a copy of Λ 2 T * . Thus, the structure constants {c ijk } belong to the SO(p, q)-module
, where the first two components correspond to
Much like the Jacobi identity, the Ricci tensor as a function of the {c ijk } can be viewed as a linear equivariant map
Notice that the linear constraints on the domain of this map established by the Jacobi identity are transparent to this map, as Λ 3 T * ⊗ T does not contain submodules isomorphic to either R or U 2 .
The SO(p, q)-module S 2 (Λ 2 T * ⊗ T ) contains three copies of R (one for each irreducible submodule of Λ 2 T * ⊗ T ) and six copies of U 2 , namely
Therefore, to a Lie algebra with a fixed metric one can associate three scalar invariants and six trace-free bilinear forms. For an explicit representation, it is more natural to define six bilinear forms:
The scalar invariants can then be recovered by taking the trace of B 2 , B 3 and B 4 . Lemma 1.1. The Ricci tensor of a left-invariant pseudoriemannian metric on a Lie group is given by
Proof. The bilinear forms can be expressed as
By (1), we obtain
In the case of a bi-invariant pseudoriemannian metric, one has
The invariants then satisfy
consistently with [33] one obtains
i.e. the Ricci tensor is a multiple of the Killing form. Thus, non-Ricci-flat Einstein bi-invariant metrics only exist on semisimple Lie groups (see also [17] ). On the other hand, nilpotent Lie groups with bi-invariant metrics are necessarily Ricci-flat. Moreover, the existence of a non-degenerate bi-invariant metric puts constraints on the structure constants; for instance [30] shows that non-abelian nilpotent Lie groups do not admit Lorentzian bi-invariant metrics.
Remark 1.3. Denoting by Z the vector in g defined by
This leads to the formula of [3] ,
2 Nonexistence of Einstein metrics with s = 0
In this section we specialize to the nilpotent case, and give examples of nilpotent Lie algebras that do not admit Einstein metrics of nonzero scalar curvature. The results of this section are based on the following specialization of Lemma 1.1:
Proposition 2.1. For g a unimodular Lie algebra with Killing form zero, and any metric , ,
Let g be a nilpotent Lie algebra, and let g ⊃ g 1 ⊃ · · · ⊃ g k ⊃ {0} be its lower central series. Then g k is contained in the centre Z.
Lemma 2.2. Let g be a nilpotent Lie algebra with an Einstein metric of nonzero scalar curvature. Then
Proof. If v is in the centre and w is orthogonal to
, then both ad v and dw ♭ are zero; by Proposition 2.1, Ric(v, w) = 0; because the Ricci tensor is a nonzero multiple of the metric, this implies that v and w are orthogonal. Thus, Z is orthogonal to (g 1 ) ⊥ ; by non-degeneracy of the metric, the statement follows.
It follows from this lemma that Einstein metrics of nonzero scalar curvature cannot exist on reducible Lie algebras of the form g ⊕ R n , with g nilpotent. We will need the following: Lemma 2.3. Let V , W be vector spaces endowed with a scalar product, and assume the scalar product on V is not degenerate. For any linear map f :
where f, f is computed relatively to the induced scalar product on
If U ⊂ V and π U : V → U is any projection (i.e. any left inverse of the inclusion), the trace of the composition
Proof. Let e 1 , . . . , e n be a basis of V , and let (g ij ) be the matrix defining the scalar product on V * . Theñ
If U ⊂ R n is spanned by e 1 , . . . , e l and π U is the projection that annihilates e l+1 , . . . , e n , then
so the trace of the composition is
This lemma will be applied to the operators
in particular the first part gives
and therefore
Proposition 2.4. Let g be a nilpotent Lie algebra and let g be a metric. Let
then g is not Einstein unless it is Ricci-flat.
Proof. If g is Einstein with nonzero scalar curvature, up to normalization we can assumeB
This implies that trB 5 and trB 3 have opposite signs, which contradicts (4).
Corollary 2.5. If g is nilpotent of step two, all Einstein metrics are Ricci-flat.
Proof. The step two condition means that g 2 = 0, namely g 1 ⊂ Z. If an Einstein metric with nonzero scalar curvature exists, then Lemma 2.2 gives Z ⊂ g 1 , and therefore Z = g 1 . Proposition 2.4 gives the statement.
Remark 2.6. A similar result under slightly stronger assumptions was proved in [12] .
What we have proved so far is sufficient to prove the following: do not admit Einstein metrics of nonzero scalar curvature.
Proof. 
By Lemma 2.3,
where the last equality depends on the structure of the Lie algebra. Thus an Einstein metric necessarily has
this contradicts (5). The same argument applies to (0, 0, 12, 13).
This result shows that Einstein metrics are Ricci-flat on all nilpotent Lie algebras of dimension 4, and on six of the nine nilpotent Lie algebras of dimension 5, including the abelian case; the remaining cases will be covered in Section 4.
The Ricci tensor as a moment map
In this section we change our point of view; rather than fixing an orthonormal frame, we allow both metric and structure constants to vary simultaneously. Accordingly, the relevant group of symmetries is now GL(n, R). Our model for the set of Lie algebras with a fixed metric is a subset in a representation of GL(n, R); under suitable assumptions, we will see that the Ricci tensor has a natural symplectic interpretation.
Motivated by Proposition 2.1, we will consider the class of unimodular Lie algebras on which the Killing form is zero. By Cartan's criterion, this class sits in between nilpotent Lie algebras and solvable Lie algebras. Both inclusions are strict; in particular, we point out that the Killing form of a unimodular solvable Lie algebra can be nonzero; one example is the Lie algebra (0, e 12 , −e 13 ), or (0, 12, −13). This notation means that relative to some coframe {e 1 , e 2 , e 3 } the exterior derivative reads
where e 12 is short-hand notation for e 1 ∧ e 2 .
In this setting, we can restate the Ricci formula as follows. Fix T = R n as a GL(n, R)-module. We have a decomposition
where V 11 1 is an irreducible GL(n, R)-module with highest weight L 1 −L n−1 −L n . A Lie algebra structure on T is a linear map ad : T → End(T ); more precisely, it is defined by an element
which in addition satisfies the Jacobi identity. We shall denote the corresponding Lie algebra by T a ; thus, T a = T as vector spaces. The unimodular condition then reads a ∈ V 11 1 ; our class of Lie algebras therefore corresponds to the variety
1 | a defines a Lie algebra with Killing form zero}.
The choice of a metric on T a determines an isomorphism ♭ : T ∼ = T * , and thus a Lie algebra structure on T * . This gives rise to a pair
where End(T * ) is identified with End(T ) via transposition. Two pairs in the same GL(n, R)-orbit correspond to the same Lie algebra and metric written with respect to different frames.
Define the contractions
Since elements of V 
The natural duality , :
Proposition 3.1. Given a ∈ P, a metric on T a and (a, b) induced as above, the Ricci operator ric ∈ gl(T ) is given by
Proof. For an endomorphism u : g → g, define
Write a(e h ) = a i hj e j ⊗ e i , b(e k ) = b kj l e l ⊗ e j , so that
The statement now follows from
It will be convenient to make the dependence of the pair (a, b) on the Lie algebra structure and pseudoriemannian metric explicit. Let S ⊂ S 2 T * be the set of non-degenerate scalar products on T ; there is a natural action of GL(T ) on S, with a finite number of orbits, one for each possible signature. Elements of S can be identified with isomorphisms
by mapping a scalar product to its associated musical isomorphism. We define the action of g ∈ GL(T ) on S by the commutativity of the diagram
namely b = q(a, S), where
Notice that q is linear in the first variable.
Lemma 3.2. The map q is equivariant and satisfies
Proof. Equivariance follows from
Using equivariance and linearity in the first variable, we compute
We will also need the following observation:
We can restate Proposition 3.1 as follows:
Corollary 3.4. Let S ∈ S define a metric on T a , with a ∈ P; its Ricci operator satisfies
we have a natural symplectic form given by
where closedness of ω follows from the fact that is has constant coefficients. Up to a factor, the Ricci operator corresponds to an invariant bilinear map
Proposition 3.5. µ is the moment map for the action of GL(T ) on V Proof. We compute
The moment map condition reads
or equivalently c 1 (a, w), X − 2 c 2 (a, w), X = Xa, w ,
observing that (Xe i )(e j ) = − X, e i ⊗ e j and using (7), we compute
From the definition of µ it follows that Xa, w equals µ(a, w), X . 
( Aut T a )S).
It is easy to see that for fixed T a , a suitable choice of S makes this set not empty.
Remark 3.7. For a fixed element λId of the center of gl(n, R), the space µ −1 (λId)/GL(n, R) has a natural interpretation as a symplectic reduction. Einstein Lie algebras in P form a subset of this reduction; it is plausible that this symplectic structure may give useful information on the moduli space of Einstein Lie algebras in P.
We emphasize that the group of symmetries GL(n, R) is noncompact. There is a theory of moment maps for actions of noncompact Lie groups, see e.g. [22] ; in order to apply it, one would need to extend the action of the group GL(n, R) to a holomorphic action of GL(n, C) on a Kähler manifold. The only natural way of doing this is by complexifying V , whereas the theory requires that it restrict to ω. Nevertheless, in order to understand the symplectic structure of the space of Einstein Lie algebras, it might be useful to consider a paracomplexification rather than a complexification of V K is compatible with the symplectic form ω and the pair (K, ω) induces a metric of split signature, which is parakähler in the sense of [20] . The GL(n, R)-action extends naturally to an action of
is the ring of double numbers. However, it seems difficult to carry over to this setting the theory of [22] , where positive definiteness of the metric is a key ingredient.
The moment map µ allows us to generalize to the pseudoriemannian case the known interpretation of the Ricci operator in terms of group actions of [25] . For X ∈ gl(T ), let X + denote the fundamental vector field associated to the action GL(T ) × (V 
By Corollary 3. 4 and (8) , the scalar curvature is given by a functional
As an element of gl(T ), the Ricci operator is determined by its contractions ric, X , where X ranges in gl(T ). It turns out that such a contraction corresponds to the Lie derivative of the scalar curvature along the direction defined by X:
Theorem 3.8. For a ∈ P, the Ricci operator of a metric S satisfies
Xa, q(a, S) , X ∈ gl(T );
Moreover,
Proof. The first part follows from Proposition 3.5.
For the second part, we compute
where we have used linearity of q in the first variable (see also Lemma 3.2). The statement now follows from Lemma 3.3.
This result will be used in next section (Theorem 4.1) to determine some conditions that must me satisfied by nilpotent Lie algebras that admit Einstein metrics of nonzero scalar curvature. For the moment, we use it to recover a result that was proved by Jensen for Riemannian metrics on unimodular Lie algebras.
Corollary 3.9 ([24]
). Given a ∈ P, the set of Einstein metrics on T a coincides with the set of critical points for the scalar curvature functional among metrics of constant volume. This result puts constraints on continuous families of Einstein metrics on a fixed Lie algebra T a , a ∈ P. Indeed, if the volume is fixed, all metrics in such a family have the same scalar curvature; moreover, if one metric in the family is Ricci-flat, then all of them are Ricci-flat.
Jensen's result can be generalized by considering variations of both Lie algebra and metric. Fix a volume form on Λ n T * , and denote byŜ ⊂ S the set of metrics with that volume. Accordingly, the scalar curvature functional s restricts toŝ :
Proof. By Lemma 3.3,
q(a, S) .
Write the generic vector in T SŜ as w = XS, for X ∈ sl(T ); by equivariance,
where we have used Proposition 3.5.
For a ′ = 0, we recover our version of Jensen's result. If one further restrictsŝ to P ×Ŝ, one can consider the set of critical points ofŝ; this is strictly contained in the set of Einstein Lie algebras, which are only critical points (a, S) of the restriction to {a} ×Ŝ. Corollary 3.10 allows us to state this "critical point" condition as
Notice however that such a condition is only satisfied by Ricci-flat metrics, because a ∈ T a P and a, q(a, S) is a multiple of the scalar curvature.
Example 3.11. As shown in [11] , the metric S = e 1 ⊙ e 4 + e 2 ⊙ e 5 + e 3 ⊙ e 6 on the nilpotent Lie group T a = (24, 0, 0, 0, 0, 35) is Ricci-flat. We have
One verifies that given a ′ tangent to the space of Lie algebras in a, one has a ′ ,q(a, S) = 0; thus, the critical point condition (11) is verified. On the other hand, if we take T a λ = (0, 0, λ12, 0, 0, 45) with the metric S = e 1 ⊙ e 4 + e 2 ⊙ e 5 + e 3 ⊙ e 6 , we compute c 1 (a λ , S) = 2λ(e 3 ⊗e 3 +e 6 ⊗e 6 ), c 2 (a λ , S) = λ(e 1 ⊗e 1 +e 2 ⊗e 2 +e 4 ⊗e 4 +e 5 ⊗e 5 );
this is Ricci-flat for λ = 0; (a 0 , S) does not satisfy (11), consistently with the fact that λ = 0 is not a critical point for the scalar curvature s(a λ , S) as a function of λ.
We emphasize that the results of this section also apply to the Riemannian case. In subsequent sections we will consider the Einstein condition on nilpotent Lie groups, which only admit non-trivial examples in the indefinite case due to the results of Milnor [31] .
Further nonexistence results
In this section we go back to the existence problem studied in Section 2. Employing the methods of Section 3, as well as the classification of 6-dimensional nilpotent Lie algebras (see [29] ), we prove that left-invariant Einstein metrics on nilpotent Lie groups of dimension ≤ 6 are Ricci-flat.
The key tool is a consequence of Theorem 3.8, that relates the existence of Einstein metrics on g to a property of the Lie algebra of derivations, defined as
Theorem 4.1. Let g be a unimodular Lie algebra with Killing form zero. If g has an Einstein metric with nonzero scalar curvature, then Der(g) ⊂ sl(g).
Proof. In the language of Section 3, let g = T a ; if X ∈ gl(n, R) is a derivation, then Xa = 0. For any metric S on T a , Theorem 3.8 gives
if S is Einstein, say ric = λId, 0 = λId, X = λ tr(X), so either λ = 0 or tr(X) = 0.
Remark 4.2. Every Lie algebra with Z ⊂ g 1 is a direct sum of Lie algebras
it is clear that e n ⊗ e n is a derivation with trace 1; so Lemma 2.2 can be viewed as a consequence of Theorem 4.1. Similary, a nilpotent Lie algebras of step two can be written as
Then Id+e 1 ⊗e 1 +· · ·+e k ⊗e k is a derivation with trace n+k; thus, Corollary 2.5 also follows from Theorem 4.1.
We can now prove: Proof. Nilpotent Lie algebras of dimension ≤ 6 are classifed by Magnin [29] . By Theorem 4.1, it suffices to verify that each Lie algebra has a derivation X with nonzero trace. We illustrate this in the case of the 5-dimensional Lie algebra (0, 0, 12, 13, 23), which has the form T a for a = −e 12 ⊗ e 3 − e 13 ⊗ e 4 − e 23 ⊗ e 5 .
Setting
we find
it is clear that Xa = 0 has a solution with tr(X) = 0, e.g.
The same argument applies to all nilpotent Lie algebras of dimension up to six.
In dimension 7, the same technique gives a weaker result: variables for each Lie algebra; our attempts to attack this problem with software based on Gröbner bases methods have been unsuccesful. However, the number of parameters can be reduced considerably by considering metrics on which some orthonormal frame satisfies certain special conditions; this will be used in the last section of this paper to construct an Einstein metric in dimension 8.
Nice nilpotent Lie algebras and the Einstein condition
In this section we construct an explicit Einstein metric on a nilpotent Lie algebra with nonzero scalar curvature; our example has dimension 8 and belongs to the class of nice nilpotent Lie algebras. In dimension 7, we show that nice nilpotent Lie algebras do not admit Einstein metrics of nonzero scalar curvature. Indeed, let {e 1 , . . . , e n } be a basis for a nilpotent Lie algebra g, with structural constants a k ij . Following [27] , we say that the basis {e i } is nice if the following conditions hold:
• for all i < j there is at most one k such that a k ij = 0;
• if a k ij and a k lm are nonzero then either {i, j} = {l, m} or {i, j} ∩ {l, m} = ∅. The corresponding element a ∈ V 11 1 can be characterized in terms of the onedimensional representations of the Cartan algebra of sl(n, R)
indeed, the nice condition corresponds to the subspace
A nilpotent Lie algebra is said to be nice if it admits a nice basis. This is not a very restrictive condition: as shown in [28] , every nilpotent Lie algebra of dimension ≤ 6 is nice except (0, 0, 0, 12, 14, 15 + 23 + 24).
The relevance of nice bases to the problem at hand stems from an observation of [27] , which is an immediate consequence of Proposition 2.1: 27] ). Let g be a nilpotent Lie algebra with a nice basis. For any pseudoriemannian metric on g for which the nice basis is orthogonal, the Ricci tensor is diagonal with respect to that basis.
We are therefore able to obtain an example in dimension 8, obtained as an extension of the nilpotent Lie algebra 137B of Gong's classification. 
These metrics are not locally symmetric and their holonomy is generic, i.e. respectively SO + (6, 2), SO + (3, 5), SO + (5, 3) and SO + (4, 4).
Proof. Consider the diagonal metric
set g 1 = 1 for a normalization. Then
Thus, if we take the metrics (12), we find ric = It is natural to ask whether a similar construction can be applied to the 7-dimensional case. The answer turns out to be negative, as illustrated by the following:
Theorem 5.5. If g is a nilpotent 7-dimensional Lie algebra admitting a nice basis, every Einstein metric on g is Ricci-flat.
Proof. We construct explicitly the Lie algebras in each family. For each condition from a to d, suppose there exists a nice basis {e 1 , . . . , e 7 }, that we can assume to be compatible with the lower central series in the sense that each g k is spanned by the last dim g k elements of the basis; this implies that each [e i , e j ] is a multiple of some e h with h > i, j.
In the first three cases e 3 belongs to g 1 ; since multiplying e 3 by a nonzero constant does not affect the nice basis condition, we can assume that [ where one of α and β must be zero; moreover, since e 3 / ∈ Z, α and γ cannot both be zero. The Lie algebra has structure equations (0, 0, 0, 12, µ24, α13 + β14 + 25, γ23 + 16 + 45).
For each of the four possible cases: α = 0, β = γ = 0; α, γ = 0, β = 0; β, γ = 0, α = 0; γ = 0, α = β = 0, we can change the basis to obtain one of the Lie algebras listed in Table 2 .
It is now easy to verify the correspondence between the Lie algebras we have constructed and the list of Gong [18] .
Proof of Theorem 5.5. By Theorem 4.4, it suffices to show that the Lie algebras of Table 1 are not nice. By Lemma 5.6, any nice Lie algebra in Table 1 should also belong to Table 2 ; since Lie algebras with different labels in Gong's classification are not isomorphic over R, the intersection is empty.
